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Abstract. We prove that the Cauchy problem associated to the radially symmetric 
spatially homogeneous non-cutoff Boltzmann equation with Maxwellian molecules en- 
joys the same Gelfand-Shilov regularizing effect as the Cauchy problem defined by the 
evolution equation associated to a fractional harmonic oscillator. 



1. Introduction 

1.1. Gelfand-Shilov regularity. The Cauchy problem defined by the evolution equation 
associated to the harmonic oscillator 

(11) idtf + nf = o, \v\' 

enjoys nice regularizing properties. The smoothing effect for the solutions to this Cauchy 
problem is naturally described in term of the Gelfand-Shilov regularity |12| [T^ [23l 126] . 
The Gelfand-Shilov spaces Sii{R'^), with > 0, fi + u >1, are defined as the spaces of 
smooth functions / € C°°(M'^) satisfying to the estimates 

or, equivalently 

3A,C> 0, sup \v^d^f{v)\ < C^I"l+l'^l(a!)^(/?!)^ a,/3 G N'^. 



These Gelfand-Shilov spaces may also be characterized as the spaces of Schwartz 

functions / G J^(M"') satisfying to the estimates 

3C7>0,e>0, \f{v)\<Ce-'^''^'^'\ ^; G < Ce-^'^''''^ C G l^'^- 

In particular, we notice that Hermite functions belong to the symmetric Gelfand-Shilov 
space Sy,'^{M.'^). More generally, the symmetric Gelfand-Shilov spaces 5^(M'^), with fi > 



1/2, can be nicely characterized through the decomposition into the Hermite basis (^a)Q,gNd5 
see e.g. [26] (Proposition 1.2), 

(1.2) feSi:{m'')^feL\R''),3to>0, \\{{f,^a)L^exp{to\a\-^)) 

4^ / G L\R^), 3to > 0, ||e*««'''7llL2 < +oo. 
This characterization proves that there is a regularizing effect for the solutions to the 

1/2* 



Cauchy problem (jl.ip in the symmetric Gelfand-Shilov space Sy,l{R'^) for any positive 
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time, whereas the smoothing effect for the solutions to the Cauchy problem defined by the 
evolution equation associated to the fractional harmonic oscillator 

(1.3) 

with < s < 1, occurs for any positive time in the symmetric Gelfand-Shilov space 

<2:(K')- 

In the present work, we investigate the regularizing properties of the Boltzmann equa- 
tion. More specifically, we study the smoothing effect for the Cauchy problem associ- 
ated to the radially symmetric spatially homogeneous non-cutoff Boltzmann equation 
with Maxwellian molecules. In a previous work [T7], the linearized radially symmetric 
non-cutoff Boltzmann operator was shown to behave essentially as a fractional harmonic 
oscillator T-L^ , with < s < 1. We can directly deduce from the results obtained in [T7] 
that there is a regularizing effect for the solutions to the Cauchy problem associated to 
the linearized radially symmetric spatially homogeneous non-cutoff Boltzmann equation 
with Maxwellian molecules 



(1.4) 



aj + jf/ = o, 

f\t=Q = /o G L^i^'') radial. 



in the symmetric Gelfand-Shilov space S^^I^^^{W^) for any positive time. This smoothing 
result is sharp. In this work, we prove that the same smoothing effect in the Gelfand-Shilov 
space Sl'llliW^) holds as well for the non-linear equation. 

1.2. The Boltzmann equation. The Boltzmann equation describes the behaviour of a 
dilute gas when the only interactions taken into account are binary collisions [7]. It reads 
as the equation 



(1.5) 



dtf + vy.f = Q{fj), 

/|t=o = /o> 



for the density distribution of the particles / = f{t, x,v) > at time t, having position x S 
M'^ and velocity v G M'^. The Boltzmann equation derived in 1872 is one of the fundamental 
equations in mathematical physics and, in particular, a cornerstone of statistical physics. 

The term Q{f,f) is the so-called Boltzmann collision operator associated to the Boltz- 
mann bilinear operator 



(1-6) Q{9,f)= [ I B{v-v,,a){g'j' 



g^f)dadv^, 



with d > 2, where we are using the standard shorthand = f{t,x,v'^), f = f{t,x,v'), 
f* = f{t, X, f*), / = f{t, X, v). In this expression, v, and v\ v'^ are the velocities in of 
a pair of particles respectively before and after the collision. They are connected through 
the formulas 

, f + f * If — t'*! / v + v^ \v — vA 

V = 1 cr, = o", 

2 2 2 2 

where the parameter a G S'^"^ belongs to the unit sphere. Those relations correspond 
physically to elastic collisions with the conservations of momentum and kinetic energy in 
the binary collisions 

v + v^ = v' + \v\^ + \v^\^ = \v'\'^ + Kl^ 

where | • | is the Euclidean norm on W^. The Boltzmann equation is said to be spatially 
homogeneous when the density distribution of the particles does not depend on the position 



GELFAND-SHILOV SMOOTHING EFFECT FOR THE BOLTZMANN EQUATION 



3 



variable 

idtf = Q{fJ), 



(1.7) 



f\t=o — fo- 



For monatomic gas, the cross section B{v — v^^a) is a non- negative function which only 
depends on the relative velocity 1^; — u*| and on the deviation angle 9 defined through the 
scalar product in M^, 

cos 9 = k ■ a, k = ^ . 

\v — v^\ 

Without loss of generality, we may assume that B[v — v-^^a) is supported on the set where 

/c • cr > 0, 

i.e. where < < ^. Otherwise, we can reduce to this situation by the customary 
symmetrization 

B{v -v^,a) = [B{v - f*, a) + B{v - v^, -a)] l{^.fc>o}, 

with 1a being the characteristic function of the set A, since the term f'fl appearing in the 
Boltzmann operator Q{f,f) is invariant under the mapping a — >• —a. More specifically, 
we consider cross sections of the type 

(1.8) B{v - v^,a) = ^{\v - v^\)h{ ~ - a 

\\v - 

with a kinetic factor 

(1.9) ^(\v-v^\) = \v-v^\^, 7E]-(i,+oo[. 

The molecules are said to be Maxwellian when the parameter 7 = 0. The second term 
appearing in the cross sections is a factor related to the deviation angle with a singularity 

(1.10) (sine)'^-2^(cos0)^^^ 0-1-2^ 

foiQ some < s < 1. Notice that this singularity is not integrable 

/ \^\x^9Y-H{co^9)d9 = +00. 

This non-integrability plays a major role regarding the qualitative behaviour of the so- 
lutions of the Boltzmann equation and this feature is essential for the smoothing effect 
to be present. Indeed, as first observed by Desvillettes for the Kac equation [9], grazing 
collisions that account for the non-integrability of the angular factor near = do induce 
smoothing effects for the solutions of the non-cutoff Kac equation, or more generally for 
the solutions of the non-cutoff Boltzmann equation. On the other hand, these solutions 
are at most as regular as the initial data, see e.g. [SOj, when the cross section is assumed to 
be integrable, or after removing the singularity by using a cutoff function (Grad's angular 
cutoff assumption). 

The physical motivation for considering this specific structure of cross sections is derived 
from particles interacting according to a spherical intermolecular repulsive potential of the 
form 

with p being the distance between two interacting particles. In the physical 3-dimensional 
space M^, the cross section satisfies the above assumptions with 

s=-G]0,l[, 7 = l-4sG]-3,l[. 



The notation a ~ means a/h is bounded from above and below by fixed positive constants. 
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For further details on the physics background and the derivation of the Boltzmann equa- 
tion, we refer the reader to the extensive expositions [71 [28] , 

1.3. The linearized Boltzmann operator. We consider the hnearization of the Boltz- 
mann equation 

f = fj'd + VJMg, 

around the Maxwellian equilibrium distribution 

(1.11) ^^(v) = {2TT)-1e-^-^, vgW^. 

Since Q{lid,fJ-d) = by the conservation of the kinetic energy, the Boltzmann operator 
Q{f, f) can be split into three terms 

whose linearized part is Q{fJ-d, \/1m9) + Q{\/1m9i fJ-d)- Setting 

(1.12) ^g = ^,g + ^29, 
with 

(1.13) ^ig = -fi'^^^^QifJ-d, /^y^5), -^29 = -fJ-d^^'^Q{f\/^9, /^d), 

the original spatially homogeneous Boltzmann equation (II. 7p is reduced to the Cauchy 
problem for the fluctuation 

-1/2, 



I dtg + ^9 = Q{y/J^9, y/jM9), 



^9\t=o = 90- 

The Boltzmann operator is local in the time and position variables and from now on, we 
consider it as acting only in the velocity variable. This linearized operator is known [7] 
to be an unbounded symmetric operator on L^(]R^) (acting in the velocity variable) such 
that its Dirichlet form satisfies 

{■^9,9)L2md) > 0. 



Setting 

Pg = {a + b ■ V + clvp)//^^, 
with a, c € R, 6 G M'^, the L^-orthogonal projection onto the space of collisional invariants 

(1.15) M = Span{//y^ui^y^ ..^Vdl/J"^, 1^1 Vy^}, 
we have 

(1.16) (^g,g)^, , = 0^g = Pg. 



It was noticed forty years ago by Cercignani [B] that the linearized Boltzmann operator with 
Maxwellian molecules behaves like a fractional diffusive operator. Over the time, this point 
of view transformed into the following widespread heuristic conjecture on the diffusive 
behavior of the Boltzmann operator as a flat fractional Laplacian [H [21 [3l [2^ [25l I28|: 

/ ^ QifJ-d, f) ~ —{—^vYf + lower order terms, 

with < s < 1 being the parameter appearing in the singularity assumption (jl.lOp . 
See |16[ [2T| [22] for works related to this simplified model of the non-cutoff Boltzmann 
equation. In the physical 3-dimensional case, we recently unveiled the exact nature of the 
linearized non-cutoff Boltzmann operator with Maxwellian molecules by proving that this 
operator is equal to the fractional linearized Landau operator with Maxwellian molecules 
[18] (Theorem 2.3), 
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up to a positive bounded isomorphism on L' 

3c > 0,V/ G L2(m3), c||/||i. < (a(1^, As2)/,/)i2 < hfWh, 
commuting with the harmonic oscillator T-L = — A^+'i^ and the Laplace-Beltrami operator 



2 

on the unit sphere S^. The operator 

refers to the linearization of the Landau collision operator around the Maxwellian distri- 
bution (fTTTI) with d = 3, 

QL{g,f) = ^v i a{v - v^)(g{t,x,v^){\7yf){t,x,v) - {\7^g){t,x,v^)f{t,x,v))dv^ 

where a = (ajj)i<i,j<3 stands for the non-negative symmetric matrix 
(1.17) a{v) = {\v\'^ld-v<»v) e MsiR), 

which is equal to the differential operator |18] (Proposition 2.1), 

ifi = 27^ - Ag2 - 3 + {-2n + Ag2 + 3)Pi + i-in - A§2 + 3)P2, 



when acting on the Schwartz space o5^(M ), where are the orthogonal projections onto 
the Hermite basis defined in Section 14.21 More generally, the linearized non-cutoff Boltz- 
mann operator with general molecules 7 g] — 3, +00 [ was showed to satisfy the following 
coercive estimates |18j (Theorem 2.5), 

V/ G yiR% \\nHv)Hi - p)f\\l + \\{-a^.)Hv)Hi - p)f\\l, 

< i^fJ)L^ < \\nHv)Hl - P)f\\l, + ||(-Ag2)t(t;)^ (1 - P)/||i2. 

For Maxwellian molecules, the spectrum of the linearized Boltzmann operator is only 
composed by eigenvalues explicitly computed in [29]. See also O [71 [8]. In the physical 
3-dimensional case, we define 

(1.18) /3(^) = |§^||sin20|6(cos20). 
This function satisfies 

(1.19) (3(6) ^ 

when the singularity assumption (jl.lOp holds. For a = (cos (/>sinQ, sin (/>sina, cos a) G S^, 
with a G [0, vr] and (/> G [0, 27r), the real spherical harmonics 1^'"((t) with I > 0, —I < m < I, 
are defined as ^o'(o") = (47r)~-'^/^ and for any / > 1, 



— ii(cosa), II m = U 

47r 



^2l + l{l-m)\ , ^ -r , 

— —Ft (cosajcosmip if m = 1, 

27r [I + my. 



f2l + l{l + m)\ , , ^ 

— —P, [cos a) svumd) if m = — t, — 1, 

2tt [l — m)\ ' 



where Pi stands for the /-th Legendre polynomial and PJ^ the associated Legendre functions 
of the first kind of order / and degree m. The family (5^™)z>o,-Km<« constitutes an 
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orthonormal basis of the space L'^(S^,da) with da being the surface measure on S^. We 
set for any n,l >0, —l<m<l, 



■1/-.. — ^!__cM VrL'+^icM!^,-^ 



(1.20) ,„,Uv) = 

where Ln ^ are the generahzed Laguerre polynomials. The family {^n,i,m)n,i>o,\m\<i is an 
orthonormal basis of L^(]R^) composed by eigenvectors of the harmonic oscillator and the 
Laplace-Beltrami operator on the unit sphere 



(1.21) i^-Ay + — -jtPn,l,m = {'^n + l)ipn,l,m, -^S2^n,l,m = + '^)^n, 

The linearized non-cutoff Boltzmann operator with Maxwellian molecules is also diagonal 
in this orthonormal basis {fn,i,m)n.i>o.\m\<i- cutoff case, i.e., when b{cos9)sm6 £ 

Li([0,7r/2]), it was shown in [29] that 

(1.22) ^ipn,l,m = >^Bin,l,m)ipn,i,m, u, I > 0, -I < m < I , 
with 

* f3{9){l + 6no6io- Pi (cos 9) (cos 0)^"+' - Pi (sin 9) (sin 9f''+^)d9, 
where Pi are the Legendre polynomials 

(1.24) ^'(^) = ^|t(^'-^)'' ^^0- 

This diagonalization of the linearized Boltzmann operator with Maxwellian molecules holds 
as well in the non-cutoff case, see e.g. jSJ [71 [HI [18] . The space of the collisional invariants 
(|1.15|) may be expressed throughout this diagonalizing basis as 

M = Span{(/?o,o,o,¥'o,i -1, ¥'0,1,0,^50,1,1, </'i,o,o}- 
Notice that all the scalar products 

(1.25) (/, ^n,l,m)L^ =0, n,l>{), -l<m< I, {I, m) ^ (0, 0), 

are zero when / € L^(]R^) is a radial function. When acting on radial functions, the 
linearized non-cutoff Boltzmann operator with Maxwellian molecules is therefore equal to 

(1.26) ^ = j;A2fcP2fe, 

k=l 

with 

' /3(e) (1 - (cos 0)2'= - (sin 9)'^'')d9>0, k>2, 
-f 

where stands for the orthogonal Hermite projections onto the energy level 2k described 
in Section [4.21 since 



l,m- 



^2kf = (/, Vfe,0,o)L2</'fc,0,0, 

when / € ^^(M'^) is a radial function. The assumption (11.190 on the cross section /3 implies 
the following asymptotics 

' I3{9){1 -{cos 9 f^)d9^k', 
-f 

when k — )• +oo, see [17] (Corollary 2.7). 
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2. Statement of the main result 
We consider the linearized non-cutoff Boltzmann operator with Maxwehian molecules 

acting on the radially symmetric Schwartz space on (see Section f4.3p . 



(2.1) ^,(R3) = 1/6 J5^(M3)^ g R3^y^ ^ ^(3), /(«) = f {Av)] = {/(|z;|)} / even , 



where 0(3) stands for the orthogonal group of M^. We recall that the case of Maxwellian 
molecules corresponds to the case when 7 = in the kinetic factor (|1.9|) and that the 
non-negative cross section b{cos9) is assumed to be supported where cos 6* > and to 
satisfy the assumption (|1.10p . 

Following the Bobylev's theory [S], we solve explicitly the Cauchy problem associ- 
ated to the non-cutoff radially symmetric spatially homogeneous Boltzmann equation 
with Maxwellian molecules for small initial radial L^-fluctuations around the standard 
Maxwellian distribution. In [5] (p. 215), Bobylev constructs explicit global radial solu- 
tions for initial radial L^-fluctuations 



+00 

/o = /^3 + y/Jj^90, 90 = 'y] ^n(0)(/7„,0,0, 



n=2 



satisfying 



(2.2) sup 

n>2 



and establishes the exponential return to equilibrium for the density distribution of the 
particles 

f = 1-1 + y/Jlg, 

in the L°°(]R5|)-norm 

3C>0,Vi>0, \\f{t) - fiWioo <Ce-^*\ 



In this work, we do not request the specific structure ()2.2p and perform the construction 
of explicit global radial solutions for any sufficiently small initial radial L^-fluctuation. 
The main novelty of the present work relates to the property of exponential convergence 
to zero for the fluctuation which is established in a specific weighted space emphasizing 
that the non-cutoff radially symmetric spatially homogeneous Boltzmann equation enjoys 
regularizing properties in the Gelfand-Shilov space Sy'^'^^{M.'^) for any positive time. 

Regarding the smoothing features of the Boltzmann equation, we recall that the non- 
cutoff spatially homogeneous Boltzmann equation is known to enjoy a ^(M'^)-regularizing 
effect for the weak solutions to the Cauchy problem [11] . Regarding the Gevrey regularity, 
Ukai showed in [27] that the Cauchy problem for the Boltzmann equation has a unique 
local solution in Gevrey classes. Then, Desvillettes, Furioli and Terraneo proved in [inj the 
propagation of Gevrey regularity for solutions of the Boltzmann equation with Maxwellian 
molecules. For mild singularities 7-|-2s < 1, Morimoto and Ukai proved in [TO] the G^/^*- 
Gevrey regularity of smooth Maxwellian decay solutions to the Cauchy problem of the 
spatially homogeneous Boltzmann equation with a modified kinetic factor $(|t; — u^|) = 
(u — f*)'^. This result for mild singularities was recently extended by Zhang and Yin [31] for 
the standard kinetic factor ^{\v — v^\) = \v — v^p. In [20], Morimoto, Ukai, Xu and Yang 
have established the property of G^/^-Gevrey smoothing effect for the weak solutions to the 
Cauchy problem associated to the linearized spatially homogeneous Boltzmann equation 
with Maxwellian molecules when < s < 1. On the other hand, Lekrine and Xu proved 
in [15j the property of G^/'^^ -Gevrey smoothing effect for the weak solutions to the Cauchy 
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problem associated to the radially symmetric spatially homogeneous Boltzmann equation 
with Maxwellian molecules for any < s' < s, when the singularity is mild < s < 1/2. 
This result was then completed by Glangetas and Najeme who established in [13] the 
analytic smoothing effect in the case when 1/2 < s < 1. 
Setting 



(2.3) 



«2n,2m 



r^2n 



l3{9){s\nef''{cosdf'^de], n > 1, m > 0, 



\2m 



(2.4) 



«0,2m 



p{e){i- {cos ef'")dd 



m > 1, 



ao,o 



where C, 



n k\{n-k)\ 



stands for the binomials coefficients, we consider the infinite system 



of differential equations 



(2.5) 



Vn > 1, 



dMt) = 

dtbn{t) + \2nK{t) = ao,2nbo{t)bn{t) 



k+l=n 
fc>l,i>0 



' (2A; + 2/ + l) 
(2fc + 1)(2/ + 1 



MtMt), 



where A2n stands for the eigenvalue of the linearized radially symmetric Boltzmann oper- 
ator (jl.27p . This system is triangular 



(2.6) 



Vi > 0, bo{t) = 6o(0), 

yt>o, bi{t) = bi{o), 

Vn > 2, Vt > 0, dtbnit) + A2n(l + bo{0))bnit) 



E 

k+l=n 
k>lJ>l 



<^2k,2l\ 



' {2k + 21 + 1) 
{2k + l){2l + 1 



-bk{t)bi{t), 



since the (n + 1)*^ equation is a linear differential equation for the function bn with a 
right-hand-side involving only the functions (6fc)i<fc<n,-i- This system may therefore be 
explicitly solved while solving a sequence of linear differential equations. This allows 
to solve explicitly the non-cutoff radially symmetric spatially homogeneous Boltzmann 
equation: 



Theorem 2.1. Let < 5 < 1 be a positive constant. There exists a positive constant 
eo > such that if go G A/"-*" is a radial L"^ {M.^) -function satisfying ||5o||l2 < £0; then 
the Cauchy problem for the fluctuation associated to the non-cutoff spatially homogeneous 
Boltzmann equation with Maxwellian molecules 

dtg + ^g = fi^ Q{y/JJ^g,y/J^9), 
g\t=o = go, 

has a unique global radial solution g G L'^ {W^ , L"^ {M.^)) given by 

+ 00 

9{t) = ^bn{t)ipnfl,0, 
n=0 

where {fn,o,o)n£'N <ire the functions defined in (11.201) and where the functions {bn{t))n>o 
are the solutions of the system of differential equations ()2.6p with initial conditions 

Vn > 0, bn{t)\t=o = {go,<Pn,Ofl)L2- 
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Furthermore, this fluctuation around the Maxwellian distribution is exponentially conver- 
gent to zero in the following weighted -space 

+00 

(2.7) Vt>0, ||e5^5(t)llL^ = <^'^^'''^%o\\l^ 

n=0 

and belongs to the Gelfand-Shilov class S^'^ti^'^) f'^'^ '^'^V positive time 

(2.8) Vt > 0, g{t) G Sl'^lliW"), 

where < s < 1 is the parameter appearing in the singularity assumption (jl.lOp . 



This result emphasizes that the non-cutoff radiahy symmetric spatiahy homogeneous 
Boltzmann equation enjoys specific Gelfand-Shilov regularizing properties which depend 
directly on the value of the parameter < s < 1 in the singularity assumption ()1.10p . 
In particular, this result points out an ultra-analytic smoothing effect for the range of 
parameter 1/2 < s < 1. The Gelfand-Shilov smoothing effect 

vt > 0, g{t) G sl'^^lim?), 



is a direct consequence of the a priori estimate ()2.7p and the spectral asymptotics ()1.28p . 
This result is sharp. We may check this by solving explicitly the triangular system of dif- 
ferential equations p.6p . Indeed, when the initial fluctuation is a radial function satisfying 
go G AA"*-, i.e. 6o(0) = ^i(O) = 0, we deduce from Lemma EH] that non-linear effects do not 
appear before the component 64, 

(2.9) Vt>0, 6o(i) = fei(t) = 0, 



(2.10) 



Vt > 0, hi{t) 



Vt>0, 62(t) = 62(0)6 



bsit) = 63(0)6- 



/3(0)(sin0)^(cos0)^(i0 



-Agt 



+ 



^^^f /3(0)(sin0)4(cos0)^d0)6-2^4* 



Ag — 2A4 



and we establish by induction that for any n > 1, there exist some constants 7ji,j2, 
such that 

(2.11) Vt>0, bn{t)= V ,.p-(A2,i+A2,2+...+A2,Jt_ 



■Jfe 



7ii,i2, 

l<k<nji+j2+---+jk=ii 
jl,-,jk>2 



According to Lemma ETTJ we notice that 

A2n < A2ji + A2j2 + ••• + hjk- 

Then, the choice of particular initial radial fluctuations allows to check explicitly that the 
index l/2s for the symmetric Gelfand-Shilov regularity is sharp. 

3. Proof of the main result 

3.1. Preliminary results. This first section is dedicated to recall some elements of the 
Bobylev's theory [5], which will be needed for our analysis. For the sake of completeness 
and the reader's convenience, we provide complete proofs of all these results. 

We begin this section by emphasizing some properties of no resonances satisfied by 
the eigenvalues of the linearized radially symmetric Boltzmann operator (ll.27p . which are 
playing a basic role in the present analysis: 
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Lemma 3.1. The eigenvalues of the linearized radially symmetric Boltzmann operator 

A2„ = /3(e) (1 - (cos 0)2" - (sin0)2")d0 > 0, n > 2, 
satisfy to the following estimates 

Vj, k>2, \2j+2k < A2j + A2A;. 

Proof. We first prove the estimate Ag < 2A4. This is a direct consequence of the inequality 

1 - cos^ e - sin^ < 2(1 - cos^ 6 - 9), 9 £ I = 

which holds true since 

2(1 - cos^ 9 - sin^ 9) - 1 + cos'^ 9 + sin^ 9 = 2 cos^ 9{cos^ 9 -if = 2 cos^ 9 sin^ 6* > 0. 
Then, we prove that 

A2j+2fc < A2j + A2fc, J, k>2, (j, k) / (2, 2). 
This is a direct consequence of the inequality 

1 + cos2^+2'= 9 + sin2j+2'= 9 - cos^^ - sin^J 9 - cos^^ 9 - sin^'^ > 0, G I. 
To that end, we check that for any j, k > 2, {j, k) 7^ (2, 2), 

(3.1) 1 + (1 - ty+'' + - (1 - ty - 1^ -{i-tf -t^ >Q, te (0, 1/2]. 

The latter is equivalent to 

(3.2) (l-(l-^)^)(l-(l-^)J■)>^J■ + ^^-^J■+^ iE (0,1/2]. 

Since 

(3.3) l_(l_i)i=t^(l_t)^, 

1=0 

it follows that for any j, k >2, (j, k) 7^ (2, 2), 

{I - {I - t)''){l - {I - ty) = (l-t)'i+'2 > t2(l_i)J-2^i2^^_^)fc-2^ 

0<ii<j-l 
0<!2<fe-l 

When < t < 1/2, the estimate 1 — t>t implies that 

(1 - (1 - t)'=)(i - (1 - ty) > t^ + t^> f +t^ - 1^+^. 

This proves that the estimate (|3.2p holds for < t < 1/2. □ 

The algebraic identities in the following lemma are instrumental in the proof of the 
Lemma 13.31 

Lemma 3.2. Let (pn,l,m. G ^^(IR^) be the functions defined in (ll.20p and ipn G ^^^(M) the 
Hermite functions defined in Section \4.2\ Then, we have for all n > 0, 

(-l)"^/2m^^/Vn,0,0(O = /"l^V2„(|el), e G 



vr vr 



\{0}, 
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Proof. We may write for any n > 

(47r)3 "^\/2^^ ' V2"+i7rn! 



1/2. ^ , / N 1 , / \ _2i (-1)" r 



^=75 



V27rn! 
It follows that 

(3.4) T^„K).(_g«.a(o^<^r.-*. 

since 

(3.5) (e^')(0 = / e-tl^l%— = ^^e"^, 
when a > 0. According to (I3.4p . it is sufficient to check that 



f 1 \nAn 2 



(3.6) /i3^Vn,o,o(0 = ^==|eP"e-^. 

Y^(2n + 1)! 

By using the standard formula, see e.g. (6.2.15) in |3] (Chapter 6), 



L^^\x) = —— / t"+4 Ji/2(2^/S)e-*dt, X > 0, 



where J1/2 stands for the Bessel function 

(3.7) J^/2(2;) = y^sinx = / e^^'^^sin^de, x > 0, 

we deduce from (jl.20|) that 



^n,o,o(.) = 2-/M-^,^L„^-(^,e . 



1 



=e 4 



2Y'7r|7;|r(n + |)n! 
It follows from (fTTT]) that 



/ t"+4Ji/2(b|V2t)e-*di. 

JO 



(3.8) A^3^Vn.o,o(^^) = , , / r2-+f Ji/2(r|i;|)e-Vdr. 

2"+27riJ|i;|r(n + |)n! -^o 

On the other hand, we may compute the inverse Fourier transform 
^ ' (27r)^ ^(2^ + 1)!'^' 



1 



r-\-oo f"R rliv 2 

/ / / r2"+2e-Ve^l''l^'=°'^^ sin 0(ird0#. 

Jr=0 Je=0 J(b=Q 



{2-kY {2n + l)\ Jr=o Je=QJ^=a 
It follows from (13.70 that 

1 

(2^)tv^|t;|(2n + l)! ^ 

By using that 



(3.9) F(z;) = „ — / r2"+2 J^,2(^bl)e"'^dr. 



2/ V 2/ V 2/ '■' 2 2 V27 2"+i 22"+%! ' 
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3 



2"+27r4 ^/r (n +^)nl = (27r) 2 V(2n + 1)!. 



we notice that 



Then, the identity ([32]) follows from and ([32]). □ 



The following lemma emphasizes noticeable algebraic identities satisfied by the Boltzmann 
collision operator 

1/2 1/2 1/2 

Q{l^3 ^k,o,o, 1^3 ^1,0,0) = ak,i ^J'3 ak,ieR, k,l>0, 

which account for the triangularity of the system of differential equations ()2.6p . 

Lemma 3.3. Let ipn,i,m £ be the functions defined in (ll.20p . The following alge- 

braic identities hold: 

-1/2^/ 1/2 1/2 X „ 

(a) ^^^(3(/i3^^¥'0,0,0,Af3^^¥'m,0,o) = ~{ I " {cOS ef"')d9^ if m, 0,0, 

m > 1 

/...N -1/2^/ 1/2 1/2 X 

/ 2n + 2m + 1 /— r / /"f 



Y (2n+ l)(2m+ 1) 
n > 1, ?n > 



/ \ /3(0)(sin0)2"(cos0)2™d0)¥.„+„,o,o, 



4 



In particular, this result allows to recover the diagonalization of the linearized radially 
symmetric Boltzmann operator 

/3(0)(1 - (cose)2")c?^)(^„,,o,o, n > 1, 
(3.11) ^2'/'o,o,o = 0, ^2^n,o,o = -[j\m{^^^^e?"de)^n,o,o, n>l, 

1/2 

Since ¥?o,o,o = 1^3 ■ 



Proof. We deduce from the Bobylev formula (Lemma 14. ip that for m,n > 0, G M^, 

J^{Qilh^'^^n,0,0, ^4^'^^m,0,o)) (0 

^(^) [l^3^^'Pn,0,0{C sin 6l)//3/^(^m,0,o(C COS 0) - /i3''^V3n,0,o(0)/i3^^¥?m,0,o(6] f^^- 



|e|<f 

Then, it follows from Lemma 13.21 that 



V^(2n + l)(2m + l) 
X / P{0)[^l\/^i;2n{\Csm9\)|ul^^^l^2U\^cos9\)-{-l^V2^^|^y^ 
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We deduce from (j3.4p and Lemma 13.21 that 

- — - ~ — - — f -ivn+m |,|2 

y [lny\Zm)\ 

= (_!)-+- ^2n + 2m + ly/c|;^+2^(sin 0)2«(cos 0)2-;,^ <^„+^,o,o(e). 
Since 

(3.12) /^i^^V'2n(0) = (/iJ^^,^2n)L2 = {'4^0,'^2n) = Kfi, 

we obtain that 



-r:/r^( 1/2 1/2 NW^N / (2re + 2m+l) 1/2 

J'[Q{fJ'3 V'nAOj^S ym,0,Ojj (g j = «2n,2my _^ l)(2m + 1) V^n+m,0,0[t,) , 

where the coefficients a2n,2m are defined in (j2.3|) and (|2.4|) . This ends the proof of 
Lemma 13.31 □ 



3.2. Trilinear estimates for the radially symmetric Boltzmann operator. The 

key element and the main novelty of the present work is based on the derivation of sharp 
trilinear estimates for the terms 

(/^3"'^'Q(^3^V,/^3^'5),/i)L2, e ^r-(M3). 

The following lemma is instrumental in the proof of these trilinear estimates: 
Lemma 3.4. There exists a positive constant C > such that for all n > 1, m > 0, 



y (2n + l)(2m + 1) V ^2n+2m 

where 

( rn\s 
V n . 



Proof. Lemma 13.41 is a direct consequence of the following estimates: 

« Jcl^+2m r /3W(sin0)2"(cos0)2-d^ < ^(l + -)', when m » 1, n » 1 
V -^-f 

TT 

(^^) \/c|n+2m / ' /3(e)(sin0)2"(cose)2"d^ < m^ when m > 1, 1 < n < no 

TT 

(^^0 a/c|" 2m / ' /?(^)(sin0)2"(cose)2'"(i0 < -, when < m < ?no, n > 1 
In order to establish these estimates, we beginning by noticing that 

K,m= I (3{e){sme)^''{cos9f"'de ^ j {smOf''-^-^' {cos of "^+^(19, 

when the cross section /3 satisfies to 







14 



N. LERNER, Y. MORIMOTO, K. PRAVDA-STAROV & C.-J. XU 



on the set [— f, f ] \ {0}. By using the substitution rule with t = sin 6, we obtain that 

/'(Sin0)2"-l-2s(p^g^)2m+l^^ = - - trdt. 

Jo 2 Jo 



This implies that 

Jo 

By recalling the identity satisfied by the beta function 



B{x,y)= [\-~\l-t)y-Ut=^^P^, Rex>0, Rey>0, 
Jo r(x + y) 



we obtain that 



Jo 



r(m + n + 1 — s) 
By using the Stirling equivalent 



r(x + l) ~^^+oo \/2^(-)'', r(n + l) = n! 



it follows that 



(^2n A < 



' (2n + 2m)! r(n - s)r{m + 1) 
^2n+2m-n,m ^ y (2n)!(2m)! T{m + n + l-s)' 

This implies that 

T^Sn A < + 3 /2n + 2m\ / e \"/ e 



X 



n + mV e / Ve/ vm + n — s 
when m ^ 1, n ^ 1. It follows that 

r<2n A <r I \j{n + m)"'~^"^{n — s—l)"'~'^~^ 



n + mJ (m + n — ''n" 



n + mJ {n — s — lY'^^\ n J \ m + n — s 



, 1 (m + n)'* 4 1/ 771, 
<—(! + - 

when m ^ 1, n ^ 1, since 

(3.13) Vn>l,V2;>-n, (l + -) < e''. 



n 



When m3>l, l<n<no, it follows that 



/^2?l A < 



'(2n + 2m)! r(m + 1) 
^2n+2m-n,m ^ y (2m)! r(m + n + 1 - s) ' 

This implies that 

^2nWVm^(^ m M e J V2m 



m /m\^/ e -^m.+n- 



n + m — s\ e / \m + n — s 
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when m^l, 1 < n < uq. We deduce from (j3.13p that 

(ij -L rn\^~^^ / s \m+n—s 

^ (n + m — * V n + m — sJ 

when m ^ 1, 1 < n < tlq. When < m < mo, n ^ 1, it foUows that 



/ (2n + 2m)! r(n - 3) 

^2nWV-~y (2n)! r(m + n + l-s)- 



This impHes that 



r7~y V e J VlnJ 

n — s — 1 /n — s — 1\ / e \ 

X ' ' ' ' ' 



f~i2n A 



n + m — sV e / Vm + n — s 

when < 77T, < ttiq, ?i ^ 1. We deduce from ()3.13p that 

— (n + mj^+^Cn - s - 



m+n- 



^ (n + m)™ _|_ "^V/]^ m + 1 \m+n-s ^ 1 



(n — s — 1)™+-^ V n/V m + n — s/ n 
when < m < ttiq, 1. □ 



Lemma 13.41 allows to derive the following sharp trilinear estimates for the radially sym- 
metric Boltzmann operator: 



Lemma 3.5. There exists a positive constant C > such that for all f,g,h£ 5^^ 

and such that for all f,g,h £ ^r(K^) DM-^, n >2, t >0, 
I (/i- ^/'Q(/.^/V, /^f 5), e*^S„/i)i2 1 < C||el^S„_2/||^. ||el-^?^f S„_29||l2 lie 

I 1 2 

where ^ is the linearized non-cutoff Boltzmann operator, H = — + is the 3- 
dimensional harmonic oscillator and Sn is the orthogonal projector onto the n + 1 energy 
levels 

n n 
k=0 k=0 



Proof Let f,g,h £ ^^(M^) be some radial Schwartz functions. According to (ll.25p . we 
may decompose these functions into the Hermite basis i^n,i,m)n.i>o.\m\<i ^ follows 

+00 +00 +00 

/ = ^ fnV'nfifi, g = ^ gn^nfifi, h = ^ hn^nfifi- 
n=0 n=0 n=0 
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We deduce from Lemma 13.31 that 

+00 



^ — n ^ T 



n=0 



n=0 k+l 

k>l,l>0 



It follows from Lemma 13.41 and ()1.28p that 



+00 



n=0 



+00 

n=0 A;+«=n. ^ * 

fc>l,Z>0 



We have 

l/ol {2n + iy\K\\gn\ < ||/||l^(E (2n + |) ' ( (2n + |)'|ff„| 



- 3\S +00 g 1 _ +CXD 



2\ 2 



n=0 n=0 n=0 



< 



i2p2g||^,p2/l||^,. 



Furthermore, we notice that 

+00 

El^-l( E 7xIMI5H)= E Tr\M9i\\hk+i\ 



n=0 k+l=n k>l,l>0 



fe>lJ>0 

+00 



i=0 

We deduce that 

+00 ~ +00 +00 



El''»l( E TxlAllal) < IIW'gllL. [E (E ,1, 3^. lAII'-^-^'l 

n=0 k+l=n ^'^ 1=0 fc=l + 2)^ 



fc>l,Z>0 

It follows that 

+00 



Ei^"i E T^ifM 



n=0 ' k+l=n 

A:>1,«>0 



+00 +CXD +00 ~2 



/=0 k=l k=l ft-^ l^' i- 2 J 



+00 +00 ~2 

IT i2\2 



< ll/llL2||^^g||L2(EE a/ |/^;c+d 



We may write that 



+00 +00 ~2 1 +00 ~2 

I, i2\2 fV^i, 12/ /^fcJ 



(EEviT^^i^-ir-Ei^-K E 



=0 fc=l (2^ + 2)'^ n=0 fc+Z=n ^^(2^+2^ 

fc>l,i>0 
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On the other hand, we have 



fc+i=n ^2(2/+ 2) k+l=n k^{2l + -^) k+l=n ^ 

fc>l,Z>0 fc>l,/>0 k>l,l>0 

k>l k<l 



3 



+00 



sE^+(-4rE^s[(-4r-^]E^5(-^r 

since 

^ 1 when k>l, k > I, jlk^i < [21 + -j when l<k<l. 

This imphes that 

+00 +CXD ~2 1 

We conclude that 

On the other hand, we may write that for ah f,g,h G S^r{^^), n- ^ 2, 



j=i -^-f 

+ f:f'^%[ E ^^^'/iJ^i^y^ /_%W(sin^)2'=(cos^)^'d^ 
fc>i,/>i 

We assume that f,g,h £ ^^(IR^) n A^-^, i.e. 

fo = fi = 90 = 91 = ho = hi = 0. 

This imphes that 

n 

j=4 k+l=j '^'^ 

k>2,l>2 

We notice that 

j=4 fc+Z=j ^* k>2,l>2 ^* 

k>2J>2 i<k+l<n 



4<fc+«<n 

Since by Lemma |3.H we have 

Vt > 0,VA;,/ > 2, e"5(^2fc+A2;-A2fc+2i) < 



18 



N. LERNER, Y. MORIMOTO, K. PRAVDA-STAROV & C.-J. XU 



we obtain that 



n-2 



(2/ + -) e—%\( ,3, ' ,, e—'\h\e^'\hk+i 



1=2 



t^2 ^M2? + 



4<fc+«<n 

~ . 9-, 1 



t^2 kH2l + l)-2 

A<k+l<n 

It follows that 

|(/i3-^/'Q(^f /,^^/2g),e*-^S„/i)i2| 



i=2 fc=2 

4<fc+;<n 



<l|et^S„_2/||^2||el^7^fS._25||.2( .^^''3 eW.t|;,^^^|2^|i 

k>2,l>2 + 2)^^ 

A<k+l<n 

By arguing as before, we deduce from (I3.14p that 

^^k,l A,i,_,_o,tir_ i2\2 fV^ _A-,,tir_ |2/ ^^k,l \^ 2 



k>2,l>2 ^2(2/+ ^ '"j=4 ^ /c+/=j k2{2l + 

A<k+l<n k>2,l>2 

" o „ 1 



i=4 



This implies that 



\if^~'/'Q{fil/'f,f,l^''g),e'^Snh)L2\<\\e'2^Sn-2f\\L2\\e-^^^ 
This ends the proof of Lemma 13. 5i □ 

3.3. Explicit solutions to the radially symmetric spatially homogeneous Boltz- 
mann equation with small initial radial data. We solve explicitly the Cauchy prob- 
lem associated to the non-cutoff radially symmetric spatially homogeneous Boltzmann 
equation with Maxwellian molecules for a small L^-initial radial data 

{^1/2 
dtg + ^9 = Q{y/J^9,y/Jj^g), 
5|t=o = S'o- 

We search a radial solution 

(3.15) g{t) = ^ hn{t)ipnfl,Q- 

n=0 

It follows from Lemma 13.31 that 



+ 00 ..IL 

/^3"'^'Q(V^9, = -5^6o(t)6fc(t)( / \ - (cos0)2^)d0)<^fc,o,o 
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This implies that 

+00 

]¥'r!„0,0, 



(3-16) ^3 ^^'^Q{y/Jl39, Vlj^g) = X] ^nit)i, 



n=l 

where 

(3.17) an{t) = -boit)bnit)( [' - icosef^)de 



k+l=n 
fc>l,/>0 



+00 



+ ^2f+mil 1) /I ^^''^^) • 

k, 

By using that 
(3.18) ^g = Y,^2nhn 

n=2 

we notice that the radiahy symmetric spatiahy homogeneous Boltzmann equation is satis- 
fied if and only if the functions (6n)n>o satisfy to the infinite system of differential equations 

dMt) = 

TT 

Vn > 1, dtbn{t) + X2nhn{t) = -bo{t)bn{t)( [' l3{0){l - (cose)^")^^ 



+ E ^^(^)^^(^)\/ (2f+^i)^(2^+ 1) /! /^(^)(^^" ^)''(^°^ ^)''^^) • 



fe>l,«>0 

When 60(0) = ^i(O) = 0, this system reduces to 

Vt>0, bo{t) = bi{t) = 0, 



Vt>0, dMt) + XAb2{t) = 0, 
V n>3,Vt>0, 9 f6n(t) + A2„6„(t) 

= ^ ^^(')^'('h/(^S^^^V^( /! /3W(-n^)^'(cose)^'d^). 

k+l=n y J\ J ^ 

k>l,l>l 

As mentioned previously, this system of differential equations is triangular since the (n + 
1)*^ equation is a linear differential equation for the function 6„ with a right-hand-side 
involving only the functions (^'fc)i<fc<n-i- This system may therefore be explicitly solved 
while solving a sequence of linear differential equations. 

Let go G L^(]R) be a radial fluctuation belonging to the orthogonal of the space of 
collisional invariants AA-*-, i.e., 

(90, y'o,o,o)L2 = {go,ipi,0,o)L'2 = 0, 
and {bn{t))n>o be the solutions of the system (j2.6|) with initial conditions 

(3.19) Vn > 0, bn{t)\t=o = igo,^n,o,o)L^- 

According to the theory of linear differential equations, these functions exist and are 
uniquely defined on M. We consider the function 

+00 

(3.20) 9{t) =Y,bn{t)^n,0,0 

n=2 
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and 



N 



n=2 



its orthogonal projection onto the + 1 lowest energy levels. Thanks to the definition of 
the functions (6n)n>0; we deduce from ()3.16p and (I3.17P that for all > 2, t > 0, 



L2 



Since the linearized Boltzmann operator is selfadjoint, we notice that 



1 d 



L2 



= Re(9t(S^5)(t),e*^(S;v9)(i))i2 +Re(^(S^5)(t),e*-^(S^5)(i))L2- 
It follows that 

= Re{fi^^^^Q{^,{SNg){t),^i{SNgm),e'^{SNgm)^2. 
We deduce from Lemma [331 that for all > 2, t > 0, 



ld_ 
2di 



\e'2^iSNgm\\h + k^e-2^iSNgm,e-2^iSNgm) 



L2 



According to ()3.18p . this implies that 



W 1 ^ 



n=2 



N 



n=2 



It follows from (11.280 that we may find a new positive constant C > such that for all 
N>2,t>0, 



(3.21) l||el-^(S^5)(t)||2, + J]A2„e^-*|6„(t)P 



N 



dt 



n=2 



N 



n=2 



Lemma 3.6. There exists a positive constant > such that for all < e < Eq, 

go G AT^, |bo||L2 < e ^ VAf > 0, Vt > 0, \\e^-^ {SNg){t)\\L^ < ^- 
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Proof. When < e < Eq < 1 and ||(7o||l2 < we deduce from (j2.9p and (|2.10p that for all 
t > 0, 

||e^^(Soff)(t)||i. = |6o(i)|' = 0, \\e-2^iSig)it)\\l, = |6o(t)|' + |foi(t)|' = 0, 

||ei^(S25)(t)|li2 = |6o(t)|2+|6i(t)|2+e^4*|62(t)|2 = l^s^l^e""** < \b2{0)\^ < ||go|li2 < e^. 
We choose the positive constant eo > such that 

With that choice, we notice that the condition 

Vt>0, ||e^-^(S7v-i5)(t)||L2 
implies first that for all i > 0, 

7V-2 1 
2\ 2 



|e2^(S^_25)(t)||L2= 5]e^-*|6„(t)| 



n=2 

N-1 1 
n=2 

It therefore follows from ()3.2ip that for alH > 0, 

, 1 ^ 

(3.22) _||el^(S^5)(t)||2, + _^A2„e*^-|6„(t)|2 

n=2 

, N 

< -\\e-^^{SNgm\\l2 + (1 - Ce) E A2„e*"-|6„(t)|2 < 0, 

n=2 

thus 

Vt > 0, ||ei^(S^5)WllL2 < ||(Sjv5)(0)||l2 < ||5o||l2 < e. 
The proof of Lemma 13.61 follows by induction. □ 

We may now finish the proof of Theorem 12.11 The global well-posedness for small initial 
radial data is a straightforward consequence of Lemma [3. 61 which ensures that there exists 
a positive constant eo > such that the fluctuation defined in ()3.15p satisfies to 

||9o||l2 < eo ^ Vt > 0, \\git)\\L2 < \\e^^ g{t)\\L2 < sq < +oo. 

The uniqueness is a direct consequence of the uniqueness of the solutions to the system of 
differential equations (12. 6p with initial conditions 

Vn > 0, bn{t)\t=o = {go,(pn,o,o)L2- 

Let < 5 < 1 be a positive constant. We deduce from Lemma 13.61 and (|3.2ip that there 
exists a positive constant 

< e < inf eo 



VC" 

such that, when go G AA-*-, Hf/ollLS < e, we have for all N > 2, 

|||el^(S;v5)(t)lli. + A4(l - 6)\\e-2^{Sj,g){t)\\l, = A||el^(S;v5) Wlli^ 

Af , N 

+ A4(l -6)Y^ e^^"*|6„(t)|2 < -\\e-2^(SNgm\\l2 + (1 - 5) X2ne^'-'\bn{t)\' < 0, 

n=2 n=2 
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Since 

Vn > 2, A4 < A2n- 

This implies that 

VAf > 2,Vt > 0, \\e^^{^N9){t)\\L^ < e~^^^~^^'\\go\\L^. 
We therefore deduce that 

Vt>0, ||e^-^5(t)llL^ <e~^('"'^*l 
This ends the proof of Theorem 12.11 



\9o\\l^- 



4. Appendix 

4.1. The Bobylev formula for the radially symmetric Boltzmann operator. The 

Bobylev formula is very useful identity providing an explicit formula for the Fourier trans- 
form of the Boltzmann operator p.6|) . see e.g. [5]. In the case of Maxwellian molecules, 
the Fourier transform of the Boltzmann operator whose cross section satisfies to the as- 
sumption (|i.iup . 



Qi9j)iv) 



^(r — ~n" ■ ^) id'*/' - g*f)dadv* 

d-l \\v — vJ / 



is equal to 



J" 



(Q(ff,/))(0= / Qig,f)iv)e-'^<dv 



where = ^^-^^ and ^ 



2 • 



Lemma 4.1. For f,g € yr{^^), we have 



(4.1) 



m [g{i sin e)f{i cos 9) - mfiO] dO, 



where (3 is the function defined in (jl.lSp . 



Proof. Thanks to the Bobylev formula, we may write with = -if 



(4.2) T{Q{gJ)){0= I bicos9)sme 

J(0,7r)9XSl 



^ - 1^1 (w sin 6* © 1/ COS 6') \ ^ ^ + 1^1 (w sin 6^ © cos ( 



2 y " V 2 

The cross section 6(cos 6) is supported where < ^ < ^ and we notice that 

^ - 1^1 (a; sin 61 © 1/ cos 0) = |C| {-oj sin 9 ® u{l - cos 9)) 

= 2|C|sin 



5(0)/(e) 



d9doj. 



uj cos I — I © sm 

^ 2 / V 2 



^ + ICI (cj sin 6* © 1/ cos 6) = |^| (w sin 9®v{l + cos 6*)) 



2|C| cos 



UJ sm I 2 y V 2 



GELFAND-SHILOV SMOOTHING EFFECT FOR THE BOLTZMANN EQUATION 



23 



SO that, since f are radial functions, 

.^ e-|el(u.sin^0^cos^) ^ =^f|e|smf?).) =^(esin 

/ f + '^'^"""^^^^"^^ )=/(l^|cos(,).)=/(ecos 



2;;' 



yielding 



J" 



= IS'I 6(cos0)sin0[g(Csin(-))/(Ccos(-)) - .9(0)/(O 



^6* 



= 2 /' |SXcos26')sin26' [g(^sin6l)/(Ccos6l) -.g(0)/(O 
Jo ' V — ^ L -I 

=P{e) from n~T8l 

which provides (I4.ip . □ 

4.2. The harmonic oscillator. The standard Hermite functions {(j)n)n>o are defined for 
X G M, 

(4.3) (/>„(x) = 6 2- — (e ^ ) = X — (e 2 ) = ^— 

where a+ is the creation operator 

_ 1 / d 
"""^ ~ ^/2\ dx 

The family ((/'n)n>o is an orthonormal basis of L^(M). We set for n > 0, a = {oij)i<j<d G 
N"^, X e M, w G M"^, 

(4.4) V'„(x) = 2-1/^.(2-1/2^), Vn = ^(|-^)"V'o, 

(4.5) ^'„(t;) = = Span{^'c«}aGNd,|a|=fc> 

i=i 

with |a;| = ai + - • • + ad- The family ('I'o)Q,gN'' is an orthonormal basis of L^(R'^) composed 
by the eigenfunctions of the d-dimensional harmonic oscillator 

(4.6) ^ = _A, + M! = ^(^^ + fc)p,, Id = J^Pfc, 

fc>0 fc>0 

where is the orthogonal projection onto £k whose dimension is C^^^^^)- The eigenvalue 
d/2 is simple in all dimensions and £0 is generated by the function 

1 11^ 

^^oiv) = — re"^ = A^y^(^^), 
(27r)4 

where fi^ is the Maxwellian distribution defined in (jl.lip . 

4.3. On radial functions. If u G is a radial function 

Vx G M*^, G 0{d), u{x) = u{Ax), 

we define 

u{t) = I u{ta)da, t G M. 

This function is even, belongs to the Schwartz space ^(M) and satisfies 

Vt G M,Vo- G S^-i, u{t) = u{ta), Vx G M"^, u{x)=u{\x\). 
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The Borel's theorem shows that the mapping t i— t- is also a Schwartz function of the 
variable . We also recall that the Fourier transform of a radial function is radial and that 
the Fourier transformation is an isomorphism of the space of radial Schwartz functions. 



Acknowledgements. The research of the second author was supported by the Grant- 
in-Aid for Scientific Research No. 22540187, Japan Society for the Promotion of Science. 
The research of the third author was supported by the CNRS chair of excellence at Cergy- 
Pontoise University. The research of the last author was supported partially by "The 
Fundamental Research Funds for Central Universities" and the National Science Founda- 
tion of China No. 11171261. 



References 

R. Alexandre, A review of BoHzmann equation with singular kernels, Kinet. Relat. Models, 2 (2009), 
no. 4, 551-646 

R. Alexandre, L. Desvillettes, C. Villani, B. Wennberg, Entropy dissipation and long-range interac- 
tions, Arch. Ration. Mech. Anal. 152 (2000) 327-355 

R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu, T. Yang, Regularizing effect and local existence for 
non- cutoff BoHzmann equation. Arch. Ration. Mech. Anal. 198 (2010), no. 1, 39-123 
G.E. Andrews, R. Askey, R. Roy, Special functions. Encyclopedia of Mathematics and its Applications, 
71, Cambridge University Press, Cambridge (1999) 

A.V. Bobylev, The theory of the nonlinear spatially uniform Boltzmann equation for Maxwell 
molecules, Mathematical physics reviews. Vol. 7, 111-233, Soviet Sci. Rev. Sect. C Math. Phys. Rev. 
7, Harwood Academic Publ. Chur (1988) 

C. Cercignani, Mathematical Methods in Kinetic Theory, Plenum Press, New York (1969) 

C. Cercignani, The Boltzmann Equation and its Applications, Applied Mathematical Sciences, vol. 67 

(1988), Springer- Verlag, New York 

E. Dolera, On the computation of the spectrum of the linearized Boltzmann collision operator for 
Maxwellian molecules. Boll. Unione Mat. Ital. (9) 4 (2011), no. 1, 47-68 

L. Desvillettes, About the regularization properties of the non cut-off Kac equation, Comm. Math. 
Phys. 168 (1995) 417-440 

L. Desvillettes, G. Furioli, E. Terraneo, Propagation of Gevrey regularity for solutions of Boltzmann 

equation for Maxwellian molecules, Trans. Amer. Math. Soc. 361 (2009) 1731-1747 

L. Desvillettes, B. Wennberg, Smoothness of the solution of the spatially homogeneous Boltzmann 

equation without cutoff. Comm. Partial Differential Equations, 29 (2004), no. 1-2, 133-155 

I.M. Gelfand, G.E. Shilov, Generalized Functions II, Academic Press, New York (1968) 

L. Glangetas, M. Najeme, Analytical regularizing effect for the radial homogeneous Boltzmann equation, 

to appear in Kinet. Relat. Models (2012), |http://arxiv.org/abs/1205.6200| 

T. Gramchev, S. Pilipovic, L. Rodino, Classes of degenerate elliptic operators in Gelfand- Shilov spaces. 
New developments in pseudo-differential operators, 15-31, Oper. Theory Adv. Appl. 189, Birkhauser, 
Basel (2009) 

N. Lekrine, C.-J. Xu, Gevrey regularizing effect of the Cauchy problem for non-cutoff homogeneous 
Kac equation, Kinet. Relat. Models, 2 (2009) 647-666 

N. Lerner, Y. Morimoto, K. Pravda-Starov, Hypoelliptic estimates for a linear model of the Boltzmann 
equation without angular cutoff. Comm. Partial Differential Equations, 37 (2012), no. 2, 234-284 
N. Lerner, Y. Morimoto, K. Pravda-Starov, C.-J. Xu, Spectral and phase space analysis of the linearized 
non-cutoff Kac collision operator, preprint (2012) http://arxiv.org/abs/llll.0423 
N. Lerner, Y. Morimoto, K. Pravda-Starov, C.-J. Xu, Phase space analysis and functional calculus for 
the linearized Landau and Boltzmann operators, preprint (2012) http://arxiv.org/abs/1205.3688 
Y. Morimoto, S. Ukai, Gevrey smoothing effect of solutions for spatially homogeneous nonlinear Boltz- 
mann equation without angular cutoff, J. Pseudo-Differ. Oper. Appl. 1 (2010), no. 1, 139-159 
Y. Morimoto, S. Ukai, C.-J. Xu, T. Yang, Regularity of solutions to the spatially homogeneous Boltz- 
mann equation without angular cutoff. Discrete Contin. Dyn. Syst. A special issue on Boltzmann 
Equations and Applications, 24 (2009) 187-212 

Y. Morimoto, C.-J. Xu, Hypoellipticity for a class of kinetic equations, J. Math. Kyoto Univ. 47 (2007), 
no.l, 129-152 

Y. Morimoto, C.-J. Xu, Ultra-analytic effect of Cauchy problem for a class of kinetic equations, J. 
Differential Equations, 247 (2009) 596-617 



GELFAND-SHILOV SMOOTHING EFFECT FOR THE BOLTZMANN EQUATION 



25 



[23] F. Nicola, L. Rodino, Global pseudo-differential calculus on Euclidean spaces, Pseudo-Differential Op- 
erators, Theory and Applications, 4, Birkliauser Verlag, Basel (2010) 

[24] Y.P. Pao, Boltzmann collision operator with inverse-power intermolecular potentials. /, Comm. Pure 
Appl. Math. 27 (1974) 407-428 

[25] Y.P. Pao, Boltzmann collision operator with inverse-power intermolecular potentials. II, Comm. Pure 
Appl. Math. 27 (1974) 559-581 

[26] J. Toft, A. Khrennikov, B. Nilsson, S. Nordebo, Decompositions of Gelfand-Shilov kernels into kernels 
of similar class, J. Math. Anal. Appl. 396 (2012), no. 1, 315-322 

[27] S. Ukai, Local solutions in Gevrey classes to the nonlinear Boltzmann equation without cutoff, Japan. 
J. Appl. Math. 1 (1984), no. 1, 141-156 

[28] C. Villani, A review of mathematical topics m collisional kinetic theory. Handbook of Mathematical 
Fluid Dynamics, vol. I, North-Holland, Amsterdam (2002) 71-305 

[29] C.S. Wang Chang, G.E. Uhlenbeck, On the propagation of sound in monoatomic gases, Univ. of 
Michigan Press. Ann Arbor, Michigan. Reprinted in 1970 in Studies in Statistical Mechanics. Vol. V. 
Edited by J.L. Lebowitz and E. MontroU, North-Holland 

[30] B. Wennberg, Regularity in the Boltzmann equation and the Radon transform. Comm. Partial Differ- 
ential Equations, 19 (1994) 2057-2074 

[31] T.-F. Zhang, Z. Yin, Gevrey regularity of spatially homogeneous Boltzmann equation without cutoff, 
J. Differential Equations, 253 (2012), no. 4, 1172-1190 

N. Lerner, Institut de Mathematiques de Jussieu, Universite Pierre et Marie Curie (Paris 
VI), 4 Place Jussieu, 75252 Paris cedex 05, France 
E-mail address: lerner@math.jussieu.fr 

Y. MoRiMOTO, Graduate School of Human and Environmental Studies, Kyoto University, 
Kyoto 606-8501, Japan 

E-mail address: morimotoSmath.h. kyoto-u.ac.jp 

K. Pravda-Starov, Universite de Cergy-Pontoise, Departement de Mathematiques, CNRS 
UMR 8088, 95000 Cergy-Pontoise, France 

E-mail address: karel.pravda-starov@u-cergy.fr 

C.-J. Xu, School of Mathematics, Wuhan university 430072, Wuhan, P.R. China, and, Uni- 
versite de Rouen, CNRS UMR 6085, Departement de Mathematiques, 76801 Saint-Etienne du 
Rouvray, France 

E-mail address: Chao-Jiang.Xu@univ-rouen.fr 



